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The perturbative approach to structure formation has recently received a lot of attention in the literature.
In such setups the final predictions for observables like the power spectrum is often derived under
additional approximations such as a simplified time dependence. Here we provide all-order perturbative
integral solutions for density and velocity fields in generalized cosmologies, with a direct application to
clustering quintessence. We go beyond the standard results based on extending the EdS-like approx-
imations. As an illustrative example, we apply our findings to the calculation of the one-loop power
spectrum of density and momentum fields. We find corrections close to 1% in the mildly nonlinear regime
of ΛCDM cosmologies for the density power spectrum, while in the case of the density-momentum power
spectrum effects can reach up to 1.5% for k ∼ 0.2h=Mpc.
DOI: 10.1103/PhysRevD.94.063516
I. INTRODUCTION
A detailed understanding of the nonlinear formation of
structure in the Universe is of paramount importance for
cosmology. Several approaches have been developed to
tackle the dynamics at these scales. State of the art N-body
simulations give reliable answers at 1% level in the power
spectrum up to k ∼ 1 h=Mpc [1], but these can be expen-
sive to run and may not be fully convergent using typical
current generation box size and resolution. It must also be
noted that the accuracy an reliability of N-body simulations
is a fast and ever-improving process.
Clustering statistics is used to extract information on
our Universe, and simulations do not necessarily provide
the deepest insight into how to identify the most useful
information content and to optimally extract it from data.
A complementary approach to the nonlinear scales is
based upon extending the reach of perturbation theory
towards the quasilinear regime. One practical advantage
of the perturbative approach relies in the faster evaluation
of observables for a given set of cosmological parameters
(see e.g. [2,3] for recent improvements implementing
FFTs) used in the analysis of cosmological measure-
ments. Perturbation theory also offers the analytical
handle which is best suited to probe the physical
principles underlying the data.
On this basis, a lot of effort has been put towards
computing the statistical properties of the density distribu-
tion. In an nonexhaustive list, we mention here
the Eulerian perturbation theory framework [4–7]),
renormalized perturbation theory in the form of RPT
(renormalized perturbation theory) [8–10], TRG (time
renormalization group) [11], TSPT (time-sliced perturba-
tion theory) [12], and the effective field theory of large
scale structure program [13–18]. The Lagrangian approach
has also been successfully implemented [19–24].
In this paper we give a thorough derivation of the
solutions for density fluctuation to all orders in perturbation
theory accounting for a nontrivial nonfactorizable time
dependence which may be easily expanded to more general
cosmologies. We extend the standardly used approxima-
tions (with notable exceptions, e.g. [14,25,26]) where it is
assumed that the gravity kernels are time independent. We
further use these results to calculate the one-loop density
power spectrum as well as density-momentum power
spectrum.
We stress here the realm of validity of our analysis: our
starting point is more general than one comprising just dark
matter (DM) as signaled by the presence of the time-
dependent factor CðτÞ in our Eq. (1). It can in fact describe
a richer dynamic, with more degrees of freedom, to the
extent that a quasistatic approximation is valid (see below
as well as [27] for an example of such a system).
For the purposes of this work, flat ΛCDM model is
assumed as Ωm ¼ 0.27, ΩΛ ¼ 0.73, h ¼ 0.7. For the
primordial density power spectrum we use the BBKS
[28] approximation for initial conditions.
II. EQUATIONS OF MOTION
As we shall see, our results reduce, in the appropriate
limit, to dark matter in a FLRW (Friedmann–Lemaitre–
Robertson–Walker) background [5]. For such a dynamics
the time-dependent quantity C introduced below simplifies
to CðτÞ ¼ 1; we keep it to underscore the generality of our
results. We describe our system as a fluid whose equations
of motion (in the nonrelativistic limit) for the fluctuations
of density contrast δ and peculiar velocity vi are
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∂δk
∂τ þ Cθk ¼ −
Z
q12
δDk−q12αq1;q2θq1δq2 ;
∂θk
∂τ þHθk þ
3
2
ΩmH2δk ¼ −
Z
q12
δDk−q12βq1;q2θq1θq2 ; ð1Þ
where we used the notation δDk−q12 ¼ δDðk − q1 − q2Þ, as
well as other standard notation, such that θ ¼ ∂ivi, the
variable τ is conformal time,H ¼ d ln a=dτ, the kernels are
α ¼ 1 þ ðq1 · q2Þ=q21, β ¼ ðq1 þ q2Þ2ðq1 · q2Þ=2q21q22, and
the Poisson equation reads ∇2Φ ∝ H2δ, where Φ is the
Newtonian potential. As mentioned, one of the systems
whose dynamics is captured by Eq. (1) is the clustering
quintessence model in the vanishing sound speed (cs → 0)
limit [27]. In particular, the dictionary between the vari-
ables just above and the standard ones is
δ ¼ δm þ δQ
ΩQðτÞ
ΩmðτÞ
; CðτÞ ¼ 1 þ ð1þ wÞΩQðτÞ
ΩmðτÞ
; ð2Þ
where δm and δQ are respectively the dark matter and
quintessence density contrast, w is the equation of state
parameter, assumed to be constant in time. The quantities
Ωm and ΩQ are the density parameters; related conventions
are discussed in the Appendix. It is convenient at this stage
to extract the linear time behavior. To such end, one
introduces the linear growth function D via
δð1Þk ðτÞ≡DðτÞδink ; θð1Þk ðτÞ≡ −HðτÞ fðτÞCðτÞDðτÞδ
in
k ; ð3Þ
where fþ;− ≡ d lnDþ;−=d ln a is the linear growth rate and
its two modes correspond to the solutions of the second
order equation for D. The quantity a above is the scale
factor and δink represents the initial value of the density
contrast. In what follows we will make extended use of the
solutions for D in various cosmologies. For explicit
expressions we refer the reader to the classics [5]. To
tackle the full nonlinear case, we finally switch, for the
velocity variable, to
Θk ≡ − CHfþ θ with Θ
ð1Þ
k ¼ Dþδink : ð4Þ
We are then after the full nonlinear solution to
∂δk
∂η − Θk ¼
αðq1;q2Þ
C
Θq1δq2 ;
∂θk
∂η − Θk −
f−
f2þ
ðΘk − δkÞ ¼
βðq1;q2Þ
C
Θq1Θq2 ; ð5Þ
where we introduced variable η ¼ lnDþ and the integral
over q1;…;qn has been be omitted. We solve the system
perturbatively, employing the ansatz
δkðηÞ ¼
X∞
n¼1
Fsnðq1::qn; ηÞDnþðηÞδinq1 ::δinqn ;
ΘkðηÞ ¼
X∞
n¼1
Gsnðq1::qn; ηÞDnþðηÞδinq1 ::δinqn : ð6Þ
III. RECURSIONS AND KERNEL TIME
DEPENDENCE
After symmetrization the F and G equations of motion
are
_Fsnð~q1; ::; ~qn; ηÞ þ nFsn −Gsn ¼
1
CðηÞ h
ðnÞ
α ð~q1; ::; ~qn; ηÞ;
_Gsnð~q1; ::; ~qnηÞ þ ðn − 1ÞGsn −
f−
f2þ
ðGsn − FsnÞ
¼ 1
CðηÞ h
ðnÞ
β ð~q1; ::; ~qn; ηÞ; ð7Þ
where we used the shorthand notation · ¼ ∂∂η, and intro-
duced the source terms
hðnÞα ð~q1; ::; ~qn; ηÞ
¼
X
π−all
Xn−1
m¼1
αð~pm; ~pn−mÞ
×GSmð~q1; ::; ~qm; ηÞFSn−mð~qmþ1; ::; ~qn; ηÞ
¼
Xn−1
m¼1
m!ðn −mÞ!
n!
X
π−cross
αð~pmi ; ~pm−niÞGSmFSn−m
¼

σðnÞ þ
X⌊ðn−1Þ=2⌋
m¼1
m!ðn −mÞ!
n!

×
X
π−cross
½αð~pmi; ~pm−niÞGSmFSn−m
þ αð~pm−ni ; ~pmiÞGSn−mFSm;
hðnÞβ ð~q1; ::; ~qn; ηÞ
¼
X
π−all
Xn−1
m¼1
βð~pm; ~pm−nÞ
×GSmð~q1; ::; ~qm; ηÞGSn−mð~qmþ1; ::; ~qn; ηÞ
¼ 2

σðnÞ þ
X⌊ðn−1Þ=2⌋
m¼1
m!ðn −mÞ!
n!

×
X
π−cross
βð~pm; ~pn−mÞGSmGSn−m; ð8Þ
where σðnÞ ¼ ½1þ ð−1Þn 1
4
ðn=2!Þ2
n! , and where by cross
permutations it is meant those that exchange momenta in
the ð1.…mÞ set with those in the ðmþ 1…nÞ one. In the
last line of Eq. (8) we have removed the double counting for
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n even. The following quantities are also employed:
~pm ¼ ~q1 þ ::þ ~qm; ~pn−m ¼ ~qmþ1 þ ::þ ~qn and the index
“i” runs within cross permutations. Similarly, compact
recursion relations in the EdS-like approximation [29] were
recently derived in [30]. Henceforth we drop the symmet-
rization label, s, from F and G kernels. Combining the two
equations in Eq (7) one readily obtains for the first kernel
F̈n þ _Fn

2n − 1 −
f−
f2þ

þ ðn − 1ÞFn

n −
f−
f2þ

¼ 1
C

hðnÞβ þ

n − 1 −
_C
C
−
f−
f2þ

hðnÞα þ _hðnÞα

; ð9Þ
whose solution reads
FnðηÞ ¼
Z
η
−∞
d~η
Cð~ηÞ

eðn−1Þð~η−ηÞ
~fþ
~fþ − ~f−
×

~hðnÞβ −
~f−
~fþ
~hðnÞα

þ e~η−ηD−ðηÞ
~D−ðηÞ
ð ~hðnÞα − ~hðnÞβ Þ

;
ð10Þ
where in deriving the above we have used the equation of
motion (e.o.m.) for the growing and decaying solutions for
the linear growth factor D, DþðηÞ; D−ðηÞ. Using again the
first equation in Eq. (7) one immediately gets the solution
for the G kernels:
GnðηÞ ¼
Z
η
−∞
d~η
Cð~ηÞ

eðn−1Þð~η−ηÞ
~fþ
~fþ − ~f−
×

~hðnÞβ −
~f−
~fþ
~hðnÞα

þ e~η−η f−
fþ
D−ðηÞ
~D−ðηÞ
ð ~hðnÞα − ~hðnÞβ Þ

: ð11Þ
Equations (10) and (11) are new integral solutions, to all
orders, for the kernels F and G describing dark matter as
well as more general setups. An integral solution limited to
the quadratic case was found in [27] (see also [31,32] for
related work), where also a differential ansatz for the
quadratic solution was provided. Our results for δð2Þ;Θð2Þ
agree with [27] for an Einstein-de Sitter background.
It is very useful, especially for computational purposes,
to also provide a general differential ansatz for δðnÞ;ΘðnÞ.
We briefly review the results for the second order fields
(due to the work in [27]) and then present for the first time
the results for third order fields δð3Þ;Θð3Þ. Following the
notation in [27] second order kernels are given by
F2ðη;q1;q2Þ ¼ −
1
2

1 − ϵ −
3
2
ν2

αs þ
3
2

1 − ϵ −
1
2
ν2

β;
G2ðη;q1;q2Þ ¼ −
1
2

1 − ϵ −
3
2
μ2

αs þ
3
2

1 − ϵ −
1
2
μ2

β;
ð12Þ
where for simplicity we have suppressed the time
dependence in ϵ; μ2 and ν2 as well as the momenta
dependence in α and β. The definition of the function ϵ
is chosen according to ϵðηÞ ¼ 1 − e−η R η−∞ d~η½e~η=Cð~ηÞ, so
that it vanishes in the simplifying case where C ¼ 1. We
shall see the e.o.m.s satisfied by μn, νn in what follows. We
provide here the formal ansatz for the third order kernels
and then proceed to write more explicitly their respective
building blocks:
F3ðη;q1;q2;q3Þ ¼ ð1 − ϵð2ÞÞF ϵ3 þ ν3F ν33
þ ð1 − ϵð1ÞÞν2F ν23 þ λ1F λ13 þ λ2F λ23 ;
G3ðη;q1;q2;q3Þ ¼ ð1 − ϵð2ÞÞGϵ3 þ μ3Gμ33 þ ð1 − ϵð1ÞÞμ2Gμ23
þ κ1Gκ13 þ κ2Gκ23 : ð13Þ
The functions above of the type F and G are the third order
counterpart of the α and β expressions above and, as we
shall see in detail, depend only on momenta, e.g.
F ¼ F ðq1;q2;q3Þ. The quantities νn, μn are time-only
dependent variables defined (see [5] and also [33]) as the
angle average of Fn, Gn weighted by n! and we have
introduced above the function ϵð2Þ:
ϵð2Þ ¼ 2
Z
η
−∞
d~ηe2ð~η−ηÞ

1 −
1 − ϵ
Cð~ηÞ

; ð14Þ
which is a generalization of the ϵ function defined above
and, similarly to ϵ, vanishes in the C ¼ 1 limit. The angle-
averaged kernel dynamics is governed by the following
equations [5]:
_νn þ nνn − μn ¼
1
C
Xn−1
m¼1

n
m

μmνn−m;
_μn þ ðn − 1Þμn −
f−
f2þ
ðμn − νnÞ ¼
1
3C
Xn−1
m¼1

n
m

μmμn−m;
ð15Þ
with “initial conditions” ν1 ¼ μ1 ¼ 1. Upon implementing
the ansatz from Eq. (13) in Eq. (7) and using Eq. (12) and
Eq. (14) one derives the relations F ϵ3 ¼ Gϵ3;F ν33 ¼ Gμ33 ;
F ν23 ¼ Gμ23 ;F λ13 ¼ Gκ13 ;F λ23 ¼ Gκ23 . The repeated use of
Eq. (15) leads to the momentum dependence of the
functions F ϵ3;F
ν2
3 ;F
ν3
3 ;F
λ1
3 , and F
λ2
3 , which can then be
read off from that of known function in Eq. (7). Following
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the same procedure, we obtain four new momentum-
independent differential equations for λi and κi
_λi þ 3λi − κi ¼
1
C
ðν2cν2λi þ μ2c
μ2
λi
Þ;
_κi þ 2κi −
f−
f2þ
ðκi − λiÞ ¼
1
C
μ2c
μ2
κi ; ð16Þ
where index i can take values f1; 2g. Note that these
equations are of the same form as equations for ν3 and μ3 in
Eq. (15) and can be very efficiently integrated numerically.
In order to match the results to the initial conditions of the
EdS type we choose for the right-hand side parameters in
Eq. (16) above:
cν2λ1 ¼ c
μ2
λ1
¼ cν2λ2 ¼ 2c
μ2
λ2
¼ 1; cμ2κ1 ¼ cμ2κ2 ¼ 0: ð17Þ
With this choice we derive the momentum dependence of
the third order kernels:
F ϵ3 ¼ −
1
12
½ðαs12;3 − 3β12;3Þð3β12 − αs12Þ þ 2 permcross;
F ν33 ¼
1
8
½ðαs1;23ðαs23 − 3β23Þ
þβ1;23ðαs23 þ β23ÞÞ þ 2 permcross;
F ν23 ¼
1
4
½ðαs12;3 − β12;3Þð3β12 − αs12Þ þ 2 permcross;
F λ13 ¼
1
16
½ðα12;3ð3αs12 þ 7β12Þ þ α1;23ð−9αs23 þ 19β23Þ
− 2β1;23ðαs23 þ 9β23ÞÞ þ 2 permcross;
F λ23 ¼
1
4
½ðα1;23ð3αs23 − 5β23Þ − α12;3ðαs12 þ β12Þ
− 2β1;23ðαs23 − 3β23ÞÞ þ 2 permcross; ð18Þ
where again by cross it is meant the permutations that
exchange momenta in the ð1.…mÞ set with those in the
ðmþ 1…3Þ one.
IV. RESULTS FOR ONE-LOOP
POWER SPECTRUM
Using the kernels derived in Sec. III we can proceed to an
illustrative example and compute the power spectrum at
one loop:
P1−loopðk; aÞ ¼ PLðk; aÞ þ P22ðk; aÞ þ 2P13ðk; aÞ
þ Pc:t:ðk; aÞ; ð19Þ
where individual contributions are given as
PL;kðaÞ ¼ D2þðaÞPink ;
P22;kðaÞ ¼ 2D4þðaÞ
Z
q
½F2ðk − q;q; aÞ2Pinjk−qjPinq ;
P13;kðaÞ ¼ 3D4þðaÞPink
Z
q
F3ðk;−q;q; aÞPinq ; ð20Þ
and Pink stands for the initial time-independent power
spectrum. It is understood that the short-scale dynamics
will be encoded in the appropriate counterterm part (Pc:t:.),
whose numerical value is to be determined via e.g. N-body
simulations. Due to rotational invariance, this is expected to
be of the type ∝ k2=k2NLPL [14].
Let us proceed with the detailed calculation of the P22
and P13 terms. The goal is to separate the time dependence
and momentum dependence since this form enables prac-
tical evaluation of the contributing terms. Using Eq. (12)
for F2 kernels one obtains for the P22:
P22;k
D4þ
¼

1 − ϵ −
3
2
ν2

2
Iα22;k þ

1 − ϵ −
1
2
ν2

2
Iβ22;k
−

1 − ϵ −
3
2
ν2

1 − ϵ −
1
2
ν2

Iαβ22;k;
¼ ð1 − ϵÞ2ðIα22;k − Iαβ22;k þ Iβ22;kÞ
þ ð1 − ϵÞν2ð3Iα22;k − 2Iαβ22;k þ Iβ22;kÞ
þ ν22
1
4
ð9Iα22;k − 3Iαβ22;k þ Iβ22;kÞ ð21Þ
where the time-independent contributions used above are
Iα22;k ≡ 12
Z
q
½αsðk − q;qÞ2Pinjk−qjPinq ;
Iβ22;k ≡ 92
Z
q
½βðk − q;qÞ2Pinjk−qjPinq ;
Iαβ22;k ≡ 3
Z
q
αsðk − q;qÞβðk − q;qÞPinjk−qjPinq : ð22Þ
Similarly, using Eq. (13) for F3 one readily obtains
expression for P13, which can be organized as follows:
P13;k
D4þ
¼ ð1 − ϵð2ÞÞI ϵ13;k þ ν3Iν313;k þ ð1 − ϵÞν2Iν213;k
þ λ1Iλ113;k þ λ2Iλ213;k; ð23Þ
where we have again isolated the time independent con-
tributions:
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Iϵ13;k ≡ 3Pink
Z
q
F ϵ3ðk;−q;qÞPinq ;
Iν313;k ≡ 3Pink
Z
q
F ν33 ðk;−q;qÞPinq ;
Iν213;k ≡ 3Pink
Z
q
F ν23 ðk;−q;qÞPinq ;
Iλ113;k ≡ 3Pink
Z
q
F λ13 ðk;−q;qÞPinq ;
Iλ213;k ≡ 3Pink
Z
q
F λ23 ðk;−q;qÞPinq : ð24Þ
We note in passing that in our case for C ≠ 1 one does
not necessarily expect the cancellation [34–36] between
P22 and P13 in the IR as the initial conditions do not [37]
always conform to the usual expressions. This may pave the
way to interesting observational consequences. Fig. 1
shows the ratio of our density power spectrum result and
the EdS-extended (see Ref. [38]) one (left), as well as the
difference between the one-loop terms of the same quan-
tities normalized by the full power spectrum (right) as a
function of k. For k’s into the quasilinear regime we find a
difference close to 1%. Note that the red band in both
Figs. 1 and 2 is obtained by means of the usual ∝ k2Plin
approximation and serves as a measure of the uncertainty at
the one-loop perturbative order. Incidentally, it can be also
thought of as a proxy for the one-loop counterterm
contribution.
It is also instructive to look at the cross power spectrum
of the density and momentum fields. The continuity
equation relates the scalar component of the momentum
field and the time derivative of the density field
d
dτ δ − ikps ¼ 0. This gives us the simple relation between
the density-momentum power spectrum and the time
derivative of the density power spectrum P01 ¼ i=kPδδ0 ¼
i=2k ddτPδδ (see e.g. [39,40]). In Fig. 2 we show the ratio
between our density-momentum power spectrum P01 and
the EdS-extended one. We note that the effects due to the
exact time evolution are more noticeable here, reaching
1.5% in the mildly nonlinear regime. Therefore, these
effects seem to be of importance if percent precision is
to be reached, especially for observables in redshift space
(see [38–42] for the relation between velocity momentum
statistics and redshift space observables). We note that
these effects might be larger for higher order velocity
momentum statistics.
FIG. 1. Left: the ratio between our density power spectrum result and the EdS-extended (see Ref. [38]) power spectrum. Right: the
difference between the one-loop terms from the same quantities normalized by the full EdS-extended power spectrum. The red band is
obtained by means of the usual Δαk2Plin approximation.
FIG. 2. Left: the ratio between our density-momentum power spectrum result, P01, and the EdS-extended (see Ref. [38]) power
spectrum. Right: the difference between the one-loop terms from the same quantities normalized by the full EdS-extended power
spectrum. The red band is obtained by means of the usualΔαk2Plin approximation. For the sake of comparison, we note that the y axis in
the left panel here is different with respect to the one in Fig. 1.
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V. CONCLUSIONS
We have derived the all-order perturbative solution to a
large scale structure dynamical system that goes beyond
ΛCDM. As an application of our results, we provided the
one-loop calculation for the density and density-momen-
tum power spectrum. The difference with respect to the
standard approximation (see Ref. [38]) is, in the quasilinear
regime, close to 1% for the density power spectrum and
over 1% for the density momentum power spectrum.
ACKNOWLEDGMENTS
We are delighted to thank Massimo Pietroni for illumi-
nating discussions. We are also indebted to Emiliano
Sefusatti and Uros Seljak for insightful comments. M. F.
is supported in part by NSF Grant No. PHY-1068380 and
Z. V. is supported in part by the U.S. Department of Energy
contract to SLAC No. DE-AC02-76SF00515.
APPENDIX: REVIEW OF LINEAR GROWTH
RESULTS AND CONVENTIONS
Combining the continuity and Euler equation (1), we
have a second order differential equation for the density
d2δð1Þk ðτÞ
dτ2
þ

H −
d lnC
dτ

dδð1Þk ðτÞ
dτ
−
3
2
ΩMCH2δ
ð1Þ
k ðτÞ ¼ 0:
ðA1Þ
Combining this equation with the Friedman equations
3H2 ¼ 8πGa2ðρ¯M þ ρ¯QÞ;
dH
dτ
¼ − 4πG
3
a2ðρ¯þ 3p¯Þ ¼ − 4πG
3
a2ðρ¯M þ ð1þ 3wÞρ¯QÞ;
ðA2Þ
using the definitions Ωα ¼ ρ¯α=ðρ¯M þ ρ¯QÞ ¼ 8πGH20a2ρ¯α=
ð3H2Þ we have
dH
dτ
¼ − 1
2
H2ðΩM þ ð1 þ 3wÞΩQÞ ¼ −
1
2
H2ð1 þ 3wΩQÞ;
ΩM þΩQ ¼ 1; ðA3Þ
and from the first Friedman equation we get explicitly the
evolution of the Hubble parameter in a wCDM (w is
constant) universe,
HðaÞ ¼ H0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ΩM;0a−3 þ ΩQ;0a−3ð1þwÞ
q
: ðA4Þ
Combining all of the above and changing the variables, we
can rewrite the linear density equation:
d2δð1Þk ðaÞ
d ln a2
þ

1
2
ð1 − 3wΩQÞ −
d lnC
d ln a

dδð1Þk ðaÞ
d ln a
−
3
2
ΩMδ
ð1Þ
k ðaÞ ¼ 0: ðA5Þ
The solutions to this equation can formally be
written as
δð1Þk ðaÞ ¼ DþðaÞCþðkÞ þD−ðaÞC−ðkÞ; ðA6Þ
where we have introduced the linear growth factor Dþ=−
describing the growing and decaying modes. Explicit
expressions can be found for many cosmologies (see
e.g. [5]). For numerical evaluation it is convenient to
rewrite the growth equations in the form
a2
d2DðaÞ
da2
þ aFðaÞ dDðaÞ
da
−
3
2
ΩMCDðaÞ ¼ 0; ðA7Þ
where one introduces a function FðaÞ≡ 3=2ð1 − wΩQÞ−
d lnC=d ln a. There are two conventions in the literature
for normalizing a growing mode. One normalization
convention stems from requiring that a growing mode is
equal to the scale factor in the matter dominated epoch:
Dþ ðaÞEdS ¼ a. Here, EdS stands for the Einstein de-
Sitter Universe which is a flat, matter dominated
universe. Explicitly, the solutions for a wCDM
Universe are
DþðaÞ ¼ 5
2
H20ΩM;0HðaÞ
Z
a
0
Cð ~aÞd ~a
½ ~aHð ~aÞ3 ;
D−ðaÞ ¼ HðaÞ: ðA8Þ
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